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Abstract 

It is shown that corresponding to Plebansky equation of symmetry 
posses the infinite set of solutions, which we present in explicit form. 
This fact leads to conclusion about possibility to find series solutions of 
the Plebansky equation in analytic form. Some classes of explicit solution 
are presented. 

1 Introduction 

The goal of the present paper is to investigate Plebansky equation on the sub- 
ject of its integrability. The Plebansky equation is non homogeneous complex 
Mongc-Ampher equation 

Det n (4> XitSj )=l (1) 

in the case n = 2. is unknown function of In independent variables Xi,Xj. 

Equation of Plebansky arise in self-dual gravity [1] and we will use it in the 
form 

^y,y^z,z ^y.z^z.y = 1 (2) 

which will call as a basic form of this equation. 

At this place we would like to notice that the general solution of homogeneous 
Monge-Ampher equation (with zero instead of the unity in the right side of (1)), 
was recently found in implicit form in [3], 

We remind to the reader some known facts from the theory of differential 
equations [2]. With each system of differential equations it is connected sym- 
metry system of equations, which arise after differentiation of the initial system 
by some parameter and denotation such obtained derivative a = A as a new 
unknown function. If linear system of such equations have exact solution on the 
class of solutions of the initial system the last one is exactly integrable. This 
means that it is possible to present its solution (in explicit or implicit form) de- 
pending on necessary number of arbitrary functions sufficient for the statement 

*e-mail: andrey@buzon.uaem.mx 

^Universidad Autonoma del Estado de Morelos, CCICAp,Cuernavaca, Mexico 



1 



the problem of Cauchy-Kovalevskai. Such solution is called as the general one. 
If there exist series solutions of the symmetry equation then initial system poses 
the same number of exact solutions, but each solution is not the general one. 

In the present paper we would like to show that in the case of Plebansky 
equation second possibility take place. It may be found infinite series solutions 
of its symmetry equation but not the general one. Thus it is not possible to 
find general solution of this equation in analytic form. But infinite number of 
its exact solutions exist and the goal of the present paper consists in description 
the ways for obtaining them. 

2 Preliminary manipulations 

Now we would like to rewrite (2) in equivalent form 

{VyV z .z ~ VzV z ,y)y + {v y ,yV z ~ Vy^Vy) z = 2 (3) 
{VyV z ,z ~ V z Vz,y)y + {Vy,yV z - Vy^ z Vy) z = 2 (4) 

The last equations (3) and (4) can be partially resolved as 

VyV Z ,Z ~ V S V Z ,y =0 z +y, Vy,yV Z - Vy^Vy = -By + Z 

VyV Z ,Z - V Z V Zi y = 6 Z +V,, Vy^yVz ~ Vy, Z Vy = ~6y + Z 

It is important to notice that function 6 satisfy the the symmetry equation 
corresponding to Plebansky one [2] . 

Resolving the last equalities with respect to v y , v z (or to v y , v z ), taking into 
account the Plebansky equation (2) for v we obtain 

V V = Vy,y6 Z - V Z ,yOy + ZV Z y + yVy,y, V Z = Vy, Z Z ~ V Z ^6 y + ZV ZZ + yVy, Z (5) 

Vy=Vy,y6 Z -Vy, Z 6y + ZVy, Z +yVy,y, V Z = V Z .y 6 J - V Z , J 6 y + ZV Z Z + IJV Z .y (6) 

Equating second mixed derivatives of v with respect to bar variables (or not to 
the bar ones), we conclude that function 9 in both cases is the solution of the 
symmetry equation corresponding to (2) namely 

Vy, y 8z,z + 9y,yVz,z - Vy lZ 0y, z - Oy,zVy, z = (7) 

3 Recurrent formula for solution of the symme- 
try equation 

Rewriting (7) in two equivalent forms 

v y,y9z — Vy^ z 8y = y , v ZiV 6 z — v ZiZ 9 y = 6 Z (8) 
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v y,y@z — Vg,yOy — O y , Vy lZ z — Vg,z0y — 9 Z 



(9) 



By the same way as it was done in the previous section it is possible to check that 
functions from (8), (9) satisfy the symmetry equation (7). Obvious solution of 
symmetry equation is derivatives of v with respect to 4 independent arguments 
of the problem y,z,y,z. Thus with help of (8), (9) it is possible to construct 
infinite serie solutions of symmetry equation (compare with [?]). 

3.1 Static case 

In this subsection we would like explain the case when symmetry equation has a 
exact solution and how this connected with the integrable property of the initial 
system. 

Let us consider "time independent" configurations, when v = v(z + z,y,y). 
In this case the Plebanski equation (2) and main symmetry equation (5) are 
reduced correspondingly 

Vy y yV z ^z VyzVz^y 1 

Vy,y0z Vy Z Qy — 6y , V z ^y0 z ^z^z0y @z 

Let us sick solution of the symmetry equation in terms of three independent 
coordinates (v z ,y,y). The last symmetry system in these coordinates looks as 

Ov z V z ,y + y = Vz ~ V z .yO, Vz V z .z — —V z ,zQy 

From which follows that functions 6,0 are connected by the linear system of 
equations 

0y 0v z ; 0y z 0y 

which is equivalent to three dimensional Laplace equation. Thus in the static 
case the symmetry equation possesses the general solution and thus in this case 
Plebansky equation is exactly integrable. 

Below we present its general solution in implicit form 

Vy = L Vz (v z ,y,y) z = L v (v z ,y,y) (10) 

where function L satisfy Laplace equation in three dimension L„ zi „ z + L y y = 0. 
General solution of Laplace equation in three dimension depend on two arbitrary 
functions of two arguments. And thus constructed above is a general solution 
of Plebansky equation in static case. 

This solution may be obtained directly. Indeed Plebansky equation in this 
case may be rewritten as 

(Vy)y(Vz) Z ~ (Vz) V (Vy) Z = 1 
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and functions (v y , v z ) may be considered as transformed impulse and coordinate 
with unity Poisson bracket between them. This system is resolved by canonical 
transformation with generating function G(v z ,y, y) by usual formulae 

v y = G v ^(v z ,y,y), z = G y (v z ,y,y) 

From condition of equality of the second mixed derivatives of v function we 
conclude that G satisfy Laplace equation in three dimension. This is exactly 
(10) above. 



4 General strategy and example explaining it 

General (5) is the system of two equations on two unknown functions v, 9. As a 
consequence we know that v function satisfy Plebansky equation and 9 function 
the symmetry one. But all solutions of symmetry equation are enumerated in 
the previous section. And thus if wc change 9 in (5) on one of solution of the 
previous section we will obtain the self consistent system of two equations only 
on one unknown function v. Solution of this system (if it will be possible to find 
it) will be solution of Plebansky equation corresponding to such chose solution 
of symmetry equation. 

To show that such idea is not mean less we at first consider simple example 
of (5) under the chose 9 — v y . But result of solution of Plebansky equation will 
be absolutely non trivial one. 

We rewrite (5) 

Two independent ordinary differential equations have obvious solution 

Vy = {yz)*Xy(d,z,y), v z = 1 + (yz)ix z (d,z,y), d=^ 

v y,y = \dhXy - d%Xy td , v y , z = ^d^~X y + d?X y , d 

v z , y = \dhX z - dix z . d , v z , z = \^X- Z + dix z . d 
And equation of Plebansky (2) takes the form 

XyX Z , D - X S Xy, D = 1, £>=lnd (11) 

Resolving of the last equation is connected with second order ordinary differ- 
ential equations of the form Xjj,d = F(X, D) (F arbitrary functions of its 
arguments). Indeed solution of this equation depends on two arbitrary parame- 
ters C\ , c 2 and may be represented as some function depending on 3 arguments 



Further 
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X = X(D,a,C2). Let us differential equation for X function argumentson 
parameters a. We have XD,D,a = Fx(X,D)X Ci . From the last equality we 
conclude (Xr> yCl X C2 — Xe, :C2 X Ci )o = 0. We will assume that this value is equal 
to unity (this is always possible to do by corresponding canonical transforma- 
tion). Now we will consider a, c 2 as arbitrary functions of the arguments y, z. 
Then equation (11) Looks as 

(X Cl X C2iD - X C2 X CuD )({ Cl )y{c2)z - (ci) f (c 2 ) 5 ) = {(ci)y(c 2 )z - (ci) f (c 2 )y) = 1 

Thus obtained solution of initial Plebansky equation depend on two arbitrary 
function F(X,D) defined arbitrary equation of the second order and generat- 
ing function of canonical transformation resolving the last equation for c\ , c 2 
functions. 

We present the second way for solution equation (11). Let us consider 
Xu,X as canonical transformed coordinate and impulse variable and z, y as 
the same initial ones. Then generating function of canonical transformation 
W = W(X, y, D) satisfy the equations 

X D = W x (X,y,D), z = W y (X,y,D) 

From the second equation we have Xd = — ^"'^ and after substitution into the 
first equation we obtain 

(W D + ^)y = 0, W D + ^f=F(X,D) 

The second one is Hamilton- Jacobi equation of the particle motion in potential 
field V = F(X,D), It leads to second order differential equation considered 
above. Hamilton- Jacobi equation reduce the number of independent variables in 
generating function W from 3 up to 2. And thus solution of Plebansky equation 
is determined by two functions W, F each one of two independent variables. 

5 Equation of Plebansky in non usual variables 

Let us introduce notations R = InVy +hiVz , A = hiVy — Invg. Or in other words 
Vy = exp( fl 1, A ), vg = exp( K ~ A ). In these notations the pair of equations (??) 
take the form 

Ry,6 z - R z 6 y + zR z +yRy = 2, A y 6 z - A z e v + zA z + yA y = (12) 

In the last equations let us pass from independent variables y, z to independent 
variables 8,d = |. Corresponding necessary formulae are presented below 

y = Y(8,d,y,z), l = Y e 6 y -Y d ^, = Y e 6 z + Y d - (13) 
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z 1 

R v == ReOy — Rd—^, Rz = Re9 z + Rd— 
y 2 y 

and the same formulae for derivatives of the A function. In all relations above 
its necessary to keep in mind that all function under consideration depend also 
on bar arguments y, z. Such dependence will be taken into account on some 
forward steps of calculations. 

In variables 0, d the system (12) looks as 

(Y 2 ) 8 -Y 2 Re = -Rd, (Y 2 e - R ) e = {e~ R ) d , Y 2 = ^ (14) 

Ag 

To do the last equality more symmetrical to y, z variables let us multiply 
the last one on d— | . We have in a consequence 

dY 2 =yz=^ = ^, D = lnd (15) 
A l\g 

Now we would like to satisfy equation of Plcbansky 

R y + A y ,i? + A ,R Z + A Z ,fl + A 
v v,v = ( g ' exp ( 2 Vz ' § = ^ 2 ' cxp( - 2 ' 

R y - Ay R - A R z - A z R — A 
v vrz = ( ^ ^ ex P(^— )' v *,s = ( 2 ^ CX P(^- ) 

And thus the equation of Plebansky looks as 

e R (R z A y - R y A z ) = 2 

In the last equation let us pass to variables 9, d with the help of above formulae. 
We obtain 

R d A e - RgA d = e- R {Y 2 ) e 

Let us compare the last equation with obtained above (14) ones. As a direct 
corollary we have 

e- R = -A e (16) 

The last relations have as a direct consequence two first relations (14). 

In all calculations above no information about dependence of all functions 
involved with respect to bar arguments was not used. Now let use condition 
of equality of the second mixed derivatives of v function with respect to y, z 
arguments in notations introduced above. 

_|_ ^ jj> ^ 

(exp(— 2— ))- z = (exp(— 2— )) s , exp A(R- Z + A 2 ) = (Ry - A v ) 

But functions R, A are connected by (16) and function A depends in its turn 
on 9 and thus terms with derivatives on bar arguments look as (we present left 
hand side term) 

-(In A e ) z + A- z + (-(In A e ) e + A g )9- Z (17) 
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After some computations using (15) we come to equation, which function A 
satisfy 

e 5A ((e- A )eAe- A )e, d - (e- A )e.e(e- A )- z . d ) = (e A )e, v (e A ) e , d - (e A )e.e(e A ) y , d 

(18) 

In the case when symmetry function depends only from non bar variables equa- 
tion (18) looks much more simple (in (17) 6g — Oy = 0) 

„3A/ -A\ / A\ 

e (e ) e ,z = (e )e,y 

This equation is equivalent to equation considered in section 4. It will be ex- 
plained in one of sections below. 

After introduction new function 9 = 0(A, d, y, z) it looks as 

e A (e A , A e^--e A , d e A ,,+e A e d , f ) - e A>A e^-e A , d e A ^)-e A e^ (19) 

or in variables d = D(A, 9, y, z) it looks as 

/ D-z D A D g \ ( Dy D A D \ 

e A Det 3 D A< - Z Da, A + D A D Ae = Det 3 D A , y D A A - D A D Ae 
\ De,z De, A D g , g J \ Dg tij D g , A De,e / 

(20) 

Each of three equations above are equivalent to the initial Plebansky equation 
(2). 

5.1 Equation (19) in the integral motion form 

Let us introduce the following notation the operators of the differentiations 

t± a d _ A d d 

L = e 2 — ± e 2 — L = 

dz dy ' dA 

with the obvious commutation relations 

[L°,L ± ]^V j [L+,L-}=0 

(these are commutation relation of algebra of two dimension plane). In these 
notations equation (19) may be rewritten as 

e A , A (ire) d + 2e A (L-e d ) A - 2e A (ire A ) d - e A , d (ire A ) = o 

Or after dividing on (0a) ^ an d trivial regrouping of the terms we obtain 

((0A) l (i-©d))A = ((eA) h (L-Q A )) d (21) 

Or (19) may be rewritten in integral of motion form. We remind the reader that 
all equations (18), (19), (20) where obtained from the equality of the derivatives 
on the bar variables. 
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6 Some examples of particular solutions 



In this section we present some particular solutions of equations (19) or equiva- 
lent to it (18), (20). From this consideration it will be clear that these equation 
leads indeed to solution of initial Plebansky equation. 



6.1 The case when symmetry function do not depend on 
bar variables 

From explicit form of symmetry equation of the second section it is clear that 
simplest obvious its solution is 9 = 6(y,z). Equation describing this situation 
are the following ones 

e 3A (e-%, f = (e A ) e .y, ^ = Y*{6, D) = yz 

Ag 

From the second equation that function e A really is the function of only three 
variables y, z, g{9 1 D). Let us seek solution of the first equation in a form 

A _ X y 

~ x- z 

where X — X(y,z,g(6,D)). After such substitution first equation takes the 
form 

( Xy \3( Xy,gXz — Xg.gXy . _ ( Xy_ g Xz — Xg.gXy ^ 

\ v I \ V 2 )z — \ y2 !y 

A 2 Ay A s 

From the last equality it follows immediately 

Xy^gXz — Xg^gXy = F (X , g) ~ > 1 

where F arbitrary function of its two arguments. At last by substitution 
X — > Y(X,g) it is possible to equate F to unity and we come back to equation 
considered in 4 section. Solution of Plebansky equation id the following one 

R + A expA i _i _i _i 

wj, = exp( — - — = ( )2 = g e iX y , Vz=g g *X S , v = g g ?X 

6.2 Solution do not depend on one bar coordinate 

Let us assume that solution of equation (19) does not depend on z coordinate. 
Then equation for 6 function takes the form 

e- A (e- A e A ) A Q DiV - e- A G AiD e- A Q A ,y) - 

This is exactly three dimensional subclass of complex Monge-Ampher (four di- 
mensional equation), solution of which in implicit form is known [3]. 
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It may be expressed via (in terms of) ip(A,d,y) function which is solution 
of the equation 

e A + F^(D,ib)+F^y^) =0 (22) 

In the last equation for ip(A,D,y) two arbitrary functions F(D,ip), F(y,tp) 
assumed to be known. Of course solution of this equation (in general case) may 
be obtained only in implicit form. 

After this solution of the equation for Q(D,y,A) function is resolves as 
follows 

6 A -e A ^, Ae^e^V 1 , ®y = -Fy, Qd — Fd 
And this is a general solution of this equation. 

The solution of the initial equation of Plcbansky in coordinates z,y 7 z,y is 
given by equations 

% = e A (V>)5, w 2 = (^)*, yz + F D (D,i/j) = (23) 

We present below direct checking of the formulae above. Equation of Plebansky 
in its basic form after substitution (23) looks as 

-{e y i> z - e z V>„) = --F^ tD — = 1 

In the last step of calculation necessary use last formulae of (23) 

y + F DD -+F D ^ z =0, z- F DD - +F D ^ y = 0, D = lnz-lny 

z y 

6.2.1 Solution of the example from a section 4 

Let us sick solution of (19), (21) in a form (of course such form is a direct 
consequence of calculations of the 4 section) 

0= (e- A -r(D,y,z))- 1 

All necessary derivatives are the following ones 

e A = e-? A e 2 , Q D = r D e 2 , e y ^r v e 2 7 e f = r f e 2 

After calculation of second order derivatives and substitution into (21) we obtain 
equation for r function 

r {-)d, v = r D - z 

This equation is exactly integrable (author have not met it in literature before) 
with solution 

Xy 

where X(D,y,z) is exactly the function from the section 4. Indeed rr> = 

XD^Xy— XpyXz 1 
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6.2.2 Once more possible particular solution 

Let us sick solution of (19), (21) in a form 

G = P(y, z,A) + Q(d,A) 

After substitution into corresponding equations we come to the linear equation 
for determining of the Pa function 

A d A () 

with the obvious solution 

,A 



dSp(e 2 z + e*y, 5) 



But really for solution of Plcbansky equation it is necessary only derivative of 
P function with respect to the A argument. Indeed 

,e A a ,e _A ,i . 1 1 

^ = ( a7 )2 ' ^ = ( a7 )2 ' Ae = eZ = p^+Q^ 

and at last connection between 9 and A is given by relation yz = Aa. — _q £) = 
-Qd- 



7 Discrete transformation 

Let us rewrite main equations of preliminary section once more 

v v = v y,y°z - y z,y 9 y + zv zy + yv y ,y, v z = v y ^6 z - v z - z 9 y + zv zz + yv ViZ - (24) 

and pay attention that in connection with (8) these equations may be rewritten 

as 

Vy=0y + ZV Z ,y + yVy^y, Vj, = 63 ^ ZV Z ^ + yVy^ 

The last equation may resolved with respect 9 function 9 = v — zv z — yv y . And 
thus after substitution this expression for v function we obtain linear system of 
equations for v in a form 

d d d d 

vy = (-(Ov z ) — + (Ovy) — + 0)vy, vy = ( - ( O V z ) — + ( O V y ) — + O ) v - z (25) 

where operator O = {y-§^ + z ^)- Equations (25) is linear system of equations 
for determining v y , v z functions by known v solution of Plcbansky equation. 

At this moment it is unknown to the author the systematic way for resolving 
(25). 
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8 Outlook 



The main result of the present paper is a new approach to the problem of 
Plebansky equation. This approach allows rewrite Plebansky equation in coor- 
dinates involving symmetry function and find series solutions of this equation. 
Solutions obtained in such way depends on two arbitrary functions each of two 
variables. Thus this is not a general solution of Plebansky equation which must 
depend on two arbitrary function each of three variables. But investigation of 
symmetry equation show that general solution of Plebansky equation it is not 
possible present in analytic form. Situation exactly the same as for instance in 
the case of famous nonlinear one dimensional Schredinger equation, where it is 
possible to find infinite series solution of soliton like type but not general one. 

Constructed in the present paper solutions are connected with ordinary dif- 
ferential equation of the second order X z z — F(X, z) and it arise very interest- 
ing problem to understand what relation has this equation to group of symmetry 
of Plebansky equation responsible for its integrable properties. 



9 Appendix 

In this Appendix we consider simplest example from section (6.0.1) chose ar- 
bitrary functions in such simple form that all calculation are possible to do in 
explicit form. Let us chose F — ; p = (£j^0 _ ^he ma i n equation al- 

low determine ip and all other necessary variables in explicit form in usual for 
Plebansky equation variables 

/ e A + y + d A d e A +y-d 



2 ' a A e 2 
e A = 2yz + D - y, ip = -(yz + d), D = In ■ 



y 

In connection with results of section (6.0.1) solution of basic Plebansky equation 
looks as 

z (v) 2 Z i 

v = [(2y z + In -)y-^- + z]{yz + In-) 2 

y * y 
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